Application of the method of quaternion 
typification for finding subalgebras and Lie 
subalgebras of Clifford algebras 

D. S. Shirokov 
April 11, 2009 

Abstract 

In this paper we further develop the method of quaternion typi- 
fication of Chfford algebra elements suggested by the author in the 
previous papers. On the basis of new classification of Clifford algebra 
elements it is possible to find out and prove a number of new prop- 
erties of Clifford algebra. In particular, we find subalgebras and Lie 
subalgebras of Clifford algebra and subalgebras of the Lie algebra of 
the pseudo-unitary Lie group. 
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In this paper we further develop the method of quaternion typification 
of Clifford algebra elements suggested by the author in the previous papers. 
On the basis of nev^^ classification of Clifford algebra elements it is possible 
to find out and prove a number of nev^ properties of Clifford algebra. In 
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particular, we find subalgebras and Lie subalgebras of Clifford algebra and 
subalgebras of the Lie algebra of the pseudo-unitary Lie group. We find all 
subalgebras in the form of linear combinations of elements of the given ranks 
or types. We develop results of [5j and use results of ^ and [4|. 

In the first section we shortly remind basics of the method of quaternion 
typification of Clifford algebra elements [5]. 



1 Main ideas of the method of quaternion typ- 
ification of Chfford algebra elements 

Let p, q be nonnegative integer numbers and p + q = n, n > 1. Consider the 
real Clifford algebra QF-{p, q) or the complex Clifford algebra Ci'^{p, q). In the 
case when results are true for both cases, we write Ci{p, q). The construction 
of Clifford algebra Ci{p,q) is discussed in details in [1] or [3]. Let e be the 
identity element and let e", a = 1, . . . , n be generators of the Clifford algebra 

aip,q), 

where r] = \\'r]"'''\ \ is the diagonal matrix with p pieces of +1 and q pieces of 
— 1 on the diagonal. Elements 

gai...afc ^ _ _ ^ tti < . . . < ttfc, = 1, . . . , n, 

together with the identity element e, form the basis of the Clifford algebra. 
The number of basis elements is equal to 2". 

We denote by Cik{p, q) the vector spaces that span over the basis elements 
gai...afc Elements of C£k{p, q) are said to be elements of rank k. Sometimes we 

k k 

denote elements of rank k by W , V , ■ ■ ■ We have the following classification 
of Clifford algebra elements based on the notion of rank: 

a{p,q) = ®l=,au{p,q). (1) 

So, any Clifford algebra element is an element of some rank or a sum of 
elements of different ranks: 

U =U + U + ■■■ + 0<ki<...<k^<n. (2) 
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Also we have classification of Clifford algebra elements based on the notion 
of evenness: 

a{p, q) = aevenip, Q) © Ciodd{p, Q) , (3) 

where 

CieveniP, Q) = Cio{p, Q) © (^2(p, g) © (^4 (p, © • • • , 

Ctoddip, q) = Ctiip, q) © G?3(P, q) ®a^{p,q)®... 

Any Clifford algebra element is an even element, an odd element or a sum 
of even and odd elements. 

Denote by [t/, V] the commutator and by {U, V} the anticommutator of 
Clifford algebra elements U,V & Ci{p, q) 

[U, V]^UV- VU, {U, V}^UV + VU (4) 

and note that 

UV^\[U,V] + l{U,V}. (5) 

Consider the Clifford algebra as the vector space and represent it in the 
form of the direct sum of four subspaces: 

a{p,q)=a^{p,q)® aj{p, q)®a^{p,q)®a^{p,q), (6) 

where 

ao{p,q) = ao{p,q)®ai{p,q)®as{p,q)® 
ajip,q) = a,ip,q)®a,{p,q)®ag{p,q)®..., 
a^{p,q) = a2{p,q)®ae{p,q)®a,o{p,q)®..., 
a^ip,q) = a3{p,q)®a7ip,q)®an{p,q)®... 

and in the right hand parts there are direct sums of subspaces with dimen- 
sions differ on 4. We suppose that (Jk{p, q) = ior k > p + q. 

k 

If C/e C£^{p, q), then we have 

k k fc+4 k+8 

U^U + U + U + ■■■, k = 0,1,2,3. 
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We use the following notations: 



q) = aj{p, q) ® aj{p, q), 0<k<l<3. 
Cem^iP, Q) = C^kiP^ (!) ® Cijip, q) © Cijnip, g), < A; < / < m < 3. 
UUe CiYiip^q), then 

kl k J k I k+A l+A 

U=U + U=iU + U) + iU + U) + ..., 0<k<l<3. 
Consider elements of the Clifford algebra CX{p, q) from different subspaces 
Ceo{p,<l), Cij{p,q), (lj{p,q), Ce^{p,q), a^{p,q), a^{p,q), 

(^miP^q)^ C^i2{p,(l), Cii3{p,(l), Ci23{p,q), CimiP^q), (7) 

o?oT3 (p> q) . (^023 (p. q) > cimip, q) . ciomip, q) = <^ip, q) ■ 

Then we say that these elements have different quaternion types (or types). 

Elements of subspaces C^o(P' q)^ ^t{Pj q)i ^2iP^ ^3(^1 q) ^^e called ele- 
ments of the main quaternion types. Elements of other types are represented 
in the form of sums of elements of the main quaternion types. Suppose that 
the zero element of the Clifford algebra CI{p, q) belongs to any quaternion 
type. 

The classification of elements of the Clifford algebra Ct{p, q) (for all integer 
nonnegative numbers p + g = n) on 15 quaternion types (see dT])) and use 
statements of Theorem 1 (see [5]) for calculations of quaternion types of 
commutators and anticommutators of Clifford algebra elements is the essence 
of the method of quaternion typification of Clifford algebra elements. 

Sometimes we denote subspace Ci-^ip^ q) by k and any Clifford algebra 

k _ _ ^ _ 

element U& CikiPiq) by k. When we write "quaternion type A;" we mean 
by A; a symbol of quaternion type (not an Clifford algebra element). Then 
[k, I] C m means that commutator of any two Clifford algebra elements of 
quaternion types k and I belongs to subspace m = Cimip, q)- And [k,l] = m 
means that for any two Clifford algebra elements of quaternion types k ml 
there exists a Clifford algebra element of quaternion type fn and it equals to 
commutator. 
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Let's remind the definition of the algebra of quaternion type [5]: 
Let A be an n-dimensional algebra over the field of complex or real num- 
bers. And let algebra A, considered as an n-dimensional vector space, be 
represented in the form of the direct sum of four vector subspaces 

^ = E © I © J © K. (8) 

For the elements of these subspaces we use the following designations 

E I Eel 

AeE, Bel, cgE©i, ... 

An algebra A is called the algebra of quaternion type with respect to an 
operation o : ^ x ^ — if for all elements of considered subspaces the 
following properties are fulfilled: 

EE! nj JKK 

Ao B, Ao B, Ao B, Ao BEE, 

EniEKJJfK 

Ao B, Ao B, Ao B, Ao Bel, (9) 

E J J E I K K I 

Ao B, Ao B, Ao B, Ao BeS, 

E K K E I J Jf I 

Ao B, Ao B, Ao B, Ao BeK. 

The operation o unessentially should be associative or commutative. 
From Theorem 1 [5] we have: 

a) The Clifford algebra Ci{p, q) is an algebra of quaternion type with respect 
to the operation U,V ^ {U,V} and in this case 

E = a?o(p,g), I = aj{p,q), I = a^ip,q), K = a^{p,q) . 

b) The Clifford algebra Ci{p, q) is an algebra of quaternion type with respect 
to the operation U,V ^ [U, V] and in this case 

E = a^{p,q), I = a^{p,q), I = a^{p,q), K = aj{p,q) . 

These statements are equivalent to the following properties: 

[U,V]=W, A; = 0,1, 2, 3; 
[U,V]=W, A; = 0,1, 2, 3; 

0T 3 03 T T3 

[U, V] =W, [U, V] =W, [U, V] =W ■ 
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k k 

{U,V}=W, A; = 0,1, 2, 3; 
{U,V}=W, k = 0,1,2,3; 

12 3 T3 2 23 T 

{u,v}^w, {u,v}^w, {u,v}^w. 

Let's write down these and similar expressions in the other notation: 

[k,k]C2, k = 0,1,2,3; 

[k,2\Ck, k = 0,1,2,3; (10) 
[0,1] C 3, [0,3] CT, [T,3]C0, 

{EfcjCO, A; = 0,1,2,3; 

{■^,0}Ck, A; = 0,1,2,3; (11) 
{1,2} C 3, {T,3}C2, {2,3} cT. 



The following tables display action of commutator, anticommutator and 
Clifford product of elements of the Clifford algebra of different quaternion 
types. By A denote the Clifford algebra Ci{p, q) — Ci?oi23(P) o)- 
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2 Subalgebras in the form of linear combina- 
tions of elements of the given types 

The method of quaternion typification of Clifford algebra elements allow us 
to prove a number of new properties of Clifford algebras. 

In this section we denote q) by k and CI^{p, q) by k ® . 

Theorem 1. a) The subspace 

02^al,^{p,q) (12) 

forms subalgebra of the real CUfford algebra QF{p, q). 
b) Subspaces 

02 = al^^{p,q), 02(B{02 = a^^^^{p,q), (13) 

02®iT3^ al,^{p, q) © la^adiP, Q), 0123 = a^{p, q) 

form subalgebras of the complex Clifford algebra C£'^{p, q). 

Proof. With the aid of written out above table the proof of this theorem 
is straightforward. ■ 

Theorem 2. a) Subspaces 

2, 02, 12, 23 (14) 

of the real Clifford algebra Ci^{p, q) are closed with respect to the commutator 
[/, y — > [U, V] and, hence, form Lie algebras w.r.t. the commutator, 
b) Subspaces 

2, 02, 12, 23, '0123, 

02®i02, 12^112, '23® (23, (15) 

2®i0, 2®ii, 2®i2, 2®i3, 

02 © iJ3, 12 © i03, 23 © zOI 

of the complex Clifford algebra (l^{p, q) are closed with respect to the com- 
mutator U,V —>■ [U, V] and, hence, form Lie algebras w.r.t the commutator. 
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Theorem 3. a) Subspaces 

0, 01, 02, 03 (16) 

of the real Clifford algebra C£^{p, q) are closed with respect to the operation 
U,V ^ {U,V} and form subalgebras of the Clifford algebra considered with 
respect to the operation U,V ^ {U,V}. 
b) Subspaces 

0, 01, 02, 03, 0123, 

Oi®iOi, '02® 102, 03®i03, (17) 

0®iO, 0®il, 0®i2, 0®i3, 

01 © i23, 02 © iJS, 03 0)112 

of the complex Clifford algebra Ci'^ip, q) are closed with respect to the anti- 
commutator U,V {U, V} and form subalgebras of the Clifford algebra 
considered with respect to the operation U,V ^ {U,V}. 

Proof. With the aid of (fTOll . (fTTll (or see above tables) the proof of this 
theorem is straightforward. ■ 

Now we consider the notions of the pseudo-unitary group WC(!.'^{p,q) of 
the complex Clifford algebra and the Lie algebra wCi'^{p, q) of the Lie group 
Wa^{p,q) (see in [4]). 

Consider the following set of Clifford algebra elements: 

Wa^ip, q) = {U e Cf-{p, q) : U*U = e}, (18) 

where * is the operation of Clifford conjugation [3] with properties 

e* = e, {ey = e\ (A e^^e^^ . . e"'=)* = A e"^' . . . e'^S 

A is a complex number and A is the conjugated complex number. This set 
forms a (Lie) group with respect to the Clifford product and this group is 
called the pseudo-unitary group of the Clifford algebra Ci{p, q) . 
The set of elements with the commutator [U, V] = UV — VU 

wa^{p, q) = {ue a^{p, q):u* = -u}. (19) 

is the Lie algebra of the Lie group WC£^{p, q). 
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From this definition and from the definition of Clifford conjugation it 
follows that an arbitrary element of this Lie algebra has the form 



1 2 3 4 5 n k 

U = lU+lU + U + U+lU+lU + ... + an U= ttk u, 

k=0 



k 



where ue Cif{p,q) and 
So 



1, A; = 2,3,6,7,...; 
i, A; = 0, 1,4,5, . . . 



wa^ip, q) = za^ip, q) © iCf^ip, q) © (^f (p, q) © C^f (p, q). (20) 

Theorem 4. The Lie algebra wCl^ip^q) of the Lie group WCf-'{p,q) is an 
algebra of quaternion type with respect to the operation U,V —>■ [U, V] 
and 

E = a^ip,q), I = a?f(p,g), J = zC?f(p,g), K = ta^ip,q) . 

Proof. The statement of the theorem is equivalent to the following prop- 
erties: 

[ik,ik]C2, A; = 0,1, 

[k,k]C2, k = 2,3, 

[ik,2\Cik, A; = 0,1, (21) 

[fc,2]Ck, k = 3, 

[tO, iT\ C 3, [iO, 3] C il, [il, 3] C iO. 

But these formulas follow from ffTOll . These completes the proof of the theo- 
rem. ■ 

Theorem 5. Subspaces 

2, 2® id, 2©zl, 23 (22) 

of the complex Clifford algebra Ci^{p, q) are closed with respect to the oper- 
ation U,V [U, V] and form subalgebras of the Lie algebra wd^ip, q) of 
the pseudo-unitary group of the Clifford algebra. 
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Proof. With the aid of ( fTSll and (l20l l the proof of this theorem is 
straightforward. ■ 

Theorem 6. The following subspaces form subgroups of pseudo-unitary 
group W(l'^{p,q). The Lie algebras from Theorem 5 correspond to these 
Lie groups. 



Lie algebra 


Lie group 


2 


{Ue02 = af,,^{p,q):U*U = e} 


2®i0 


{U e02® t02 = a^,,^{p, q) : U*U = e] 


2®il 


{Ue02® il3 = al,^{p, q) © ta'^.^ip, q) : WU = e} 


23 


{U e 0123 = a'^ip, q) : U*U = e} 



Proof. Let's prove, for example, the first of four statements. Let U be an 
element of Lie group {U e 02 : U*U = e}. Then 

U = e + eu, (23) 

where = and w - an element of the real Lie algebra of this Lie group 
(there is only one such Lie algebra). Then 

e = U*U = (e + eu*){e + eu) = e + e{u + u*). 

So, for element of Lie algebra we have u* = —u, i.e. m G 23 © zOl. But also 
M e 02. Thus, u e 2.B 

3 Subalgebras in the form of linear combina- 
tions of elements of the given ranks 

Note that classification of Clifford algebra elements based on the notion of 
quaternion type is rougher than the classification based on the notion of rank. 
So, let's discuss our problem in detail. In this section we search subalgebras 
and Lie subalgebras in the form of linear combinations of elements of the 
given ranks. 
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k I r 

Theorem 7. Let U, V, W be Clifford algebra Ct{p, q) elements of ranks k, I 
and r. Then, for all integer n > k > I > we have 

k-l k-l+2 k+l 

At/- J W+ W +...+ W, k + l<n; 

iJ V — S k-l k-l+2 2n-k-l \'^^) 

W + W +...+ W , k + l>n. 

Proof. This statement follows from Theorems 1 and 2 from Note 
that this theorem makes more exact theorem from [2]: 

k I k-l k-l+2 k+l m 

UV=W + W +...+ W, Tj],eW=0 for m > n, and m < 

Let denote (Xf{p,q) by k. 
Theorem 8. a) Subspaces 

0, 0©S, 0©2©...©t=02, k = n,n-l (25) 

form subalgebras of the real Clifford algebra Ct^{p, q). 
b) Subspaces 

0, © s, 

0©2©...©i=02, k = n,n-l 

d®id, © B © zO © zB, (26) 
d®id®2®i2...®k®ik=02®i02, k = n,n-l 
© 21 © 2 © i3 © . . . i'=(-l)'=('^-i)/2i5 =02(^(13 
0©1©2©...©S = 0123 

form subalgebras of the complex Clifford algebra Ci'^{p, q). 



Proof. With the aid of Theorem 7 the proof of this theorem is 
straightforward. ■ 
Let 

^ r 1, fc = 2,3,6,7,...; 
\ 2, ^ = 0,1,4,5,... 

Note that classification of subalgebras is conventional in the following theo- 
rems. This gradation help us to orientate in great number of subalgebras. 
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Theorem 9. The following subspaces of the real Clifford algebra C£*{p, q) 
are closed with respect to the commutator U,V ^ [U, V] and, hence, form 
Lie algebras: 

1) forn> 1; 

0; 

2) forn> 1; 

«; 

3) for n > 2; 

10 2; 

4) for n > 3 (ifn—2 it is the same as item 2): 

5) for n > 4 (if n — 2,3 it is the same as item 3): 

i©2© . . . ©S 



for even n, 

for odd n; 

6) for n > 4; 

7) for n > 5; 



1 © 2© . . . © n-I 



2© n-I; 



2 © 11-2; 

8) for n>6 (ifn — 5 it is the same as item 5): 
for odd n , 

1 © 2© i>I ©n 

for even n; 
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9) for n > 6 (if n — 2,3 it is the same as item 4, ifn — A it is the same as 

item 6, ifn — 5 it is the same as item 7): 

2®3®6®7®ld®li®...®k = 23 
for n — k + l,k + 2 for odd k and n — k, k + 1 for even k; 

10) for n>7 (if n — 3,4 it is the same as item 4, ifn — 5 it is the same as 
item 6, ifn — 6 it is the same as item 7): 

forn^k + l,k + 2; 

11) for n > 8 (ifn — 2, 3, 4, 5 it is the same as item 3, if n — 6,7 it is the 
same as item 8): 

I©2©5©6©9©10©...©i = T2 

for n — k,k + l,k + 2,k + 3 for even k; 

12) for n>9 (ifn = 3, 4, 5, 6 it is the same as item 4, ifn = 7 it is the same 

as item 6, ifn — 8 it is the same as item 7): 

2®6®W®M®^8®22®...®k^2 
forn = k + l,k + 2,k + 3,k + 4. 

(In all items equahty to subspaces of quaternion types are understood to 
within an element of rank and rank n). 

Besides, the direct sums of all listed subalgebras with are also Lie subal- 
gebras for any n. The direct sums of all listed subalgebras with n are Lie 
subalgebras for odd n. Also we can add n to subalgebras that consist of 
elements of even ranks for even n. (These cases aren't in the 1 )-12) items of 
the theorem because we get reducible subalgebras.) 

Theorem 10. The following subspaces of the complex Clifford algebra 
Ci^ip.q) are closed with respect to the commutator U,V ^ [U,V] and, 
hence, form Lie algebras: 
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1.1-1.3) forn> 1: 

0, 

id, 

2.1-2.3) forn> 1; 

n, 
in, 
n ® in; 

3.1-3.3) forn> 2; 

1®2, 
il®2, 
1 ® 2 ® ^ I © i2; 

4.1-4.2) for n> 3 (ifn — 2 it is the same as item 2): 

2, 
2®i2; 

5.1-5.5) for n> 4 (if n — 2,3 it is the same as item 3): 

i © 2 ® . . . ® n = 0123, 

il ®2 ® . . . ® Qnii ^'23 ® i'Oi, 
il © 2 © ... © z'^(-l)"("-i)/255 = 02© il3, 

1 © 2 © ... © ttn+in = 12 © i'03, 
l©2©...©S©^^©^2©...©^^l = 0123 © z0123 

for even n; 

1 © 2 © . . . © n-I = 0123, 
© 2 © ... © a„_i J>I = 23 © iOl, 

ii © 2© ... © 2"-i(-l)("-i)("-2)/2i^ = 02® {13, 

i © 2 © ... © a„n^ = 12 © i03, 
l©2©...©i>I©il©z2©...© in^ = 0123 © i0123 
for odd n; 
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6.1-6.3) for n> A: 

2 011-1, 

2 i>I e i2e ii>I, 

7.1-7.3) forn> 5; 

2© 11^, 
2 © 11^ © i2 © ii>2, 
2©ii>2; 

8.1-8.5) for n> 6 (ifn — 5 it is the same as item 5): 

1 © 2 © © i>l © zi © i2 © in^ © in^, 

il® 2® ii^®ii>J, 
zl ® 2 ® ii>2 ® iTl 

for odd n ; 

i®2® i>J®n, 
l®2®i>l®n®zl®i2® ii>l ® in, 
I ® 2 ® ii>I ® in, 

i? © 2 © © in, 
il © 2 © iiTl © n 

for even n; 

9.1-9.3) for n> 6 (if n = 2,3 it is the same as item 4, ifn — A it is the same 
as item 6, if n = 5 it is the same as item 7): 

2®3®6®7®T6®II®...®t=23, 

2®i3®6®i7®W®in®...® 0^+2^ = 2 © i3, 
2®3®6®7®...®k®i2®i3®i6®i7®...®ik = 23®i23 
for n — k -\- l,k -\- 2 for odd k and n — k, k -\- 1 for even k; 
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10.1-10.3) for n > 7 (if n — 3,4: it is the same as item 4, ifn — 5 it is the 
same as item 6, ifn — 6 it is the same as item 7): 

2®4®6®8®lb®12®...®k=02, 

2®i4®6®i8®lb®i'l2®...®akk=2®i0 

forn^k + l,k + 2; 

11.1-11.3) for n > 8 (if n = 2, 3, 4, 5 it is the same as item 3, if n = 6,7 it 
is the same as item 8): 

il®2®i5®6®i9®lb®...® a^k ^2®ii 
1 ®2 ®5 ®6 ® . . . ®k ® il ® i2 ® i5 ® i6 ® . . . ® ik ^J2 ® {12 

for n = k,k + l,k + 2,k + 3 for even k; 

12.1-12.2) for n > 9 (if n = 3, 4, 5, 6 it is the same as item 4, ifn — 7 it is 
the same as item 6, if n = 8 it is the same as item 7): 

2®6®W®M®^8®22®...®k^2, 

2©6©^^©14©...©Jc©^2©^6©^^^©^^4©...©^^ = 2©^2 
forn^k + l,k + 2,k + 3,k + 4. 

(In all items equality to subspaces of quaternion types are understood to 
within an element of rank or rank n). 

Besides, the direct sums of all listed subalgebras with 0, iO are also Lie sub- 
algebras for any n. The direct sums of all listed subalgebras with n, in are 
Lie subalgebras for odd n. Also we can add n, in to subalgebras that consist 
of elements of even ranks for even n. (These cases aren't in the 1 )-12) items 
of the theorem because we get reducible subalgebras.) 

Theorem 11. The following subspaces of the real Clifford algebra Ci^^{p, q) 
are closed with respect to the anticommutator U,V ^ {U, V} and, hence, 
form subalgebras of the Clifford algebra considered with respect to the oper- 
ation U,V^{U,V}: 
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1 ) for n > 1: 

2) forn> 2 : 

3) for n > 2: 

4) forn> 3; 

5) for n > 4; 

for even n; 

6) for n > 4: 

for even n; 



0; 

Oe I; 

oeS; 
0© I ©s 



0© n-I © n 



7) for n > 4 (if n = 1 it is the same as item 1, if n — 2 it is the same as 
item 3, ifn = 3 it is the same as item 4): 



0®2®4®6®8®10®...®k^02 

for n = k + 1, k + 2; 

8) forn> 5; 

0© I©i>l©n 

for odd n; 

9) for n > 5 (if n = 1,2 it is the same as item 1, ifn — 3 it is the same as 

item 3, ifn — A it is the same as item 6): 



0®3®4®7®8®ll®...®k=03 
for n — k,k + l,k + 2 for even k and n — k for odd k; 
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10) for n> 6 (if n — 2,3 it is the same as item 2, ifn — A it is the same as 
item 5, ifn — 5 it is the same as item 8): 

d®l®4®5®8®9®...®k = '0i 
for n — k,k + l,k + 2 for odd k and n — k for even k; 

11) for n > 6 (if n — 1,2,3 it is the same as item 1, ifn — A it is the same 
as item 3, ifn — 5 it is the same as item 4): 

forn^k,k + l,k + 2,k + 3. 

Theorem 12. The following subspaces of the complex Clifford algebra 
C^'^{PjQ) closed with respect to the anticommutator U,V ^ {U,V} 
and, hence, form subalgebras of the Clifford algebra considered with respect 
to the operation U,V —>■ {U, V}: 

1.1-1.2) forn> 1: 

0, 

2.1-2.3) for n> 2: 
3.1-3.3) for n> 2: 

0© n, 
0© in, 
® n © zO © in; 

4.1-4.3) forn> 3; 

0©I2-1, 
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5.1-5.5) for n > 4: 

e e in, 
® zl © n, 
© i © zn, 

for even n; 
6.1-6.5) forn> 4: 

0© iTl © n, 
© © in, 
0© © n, 
© iTl © zn, 
© i>l © n © zO © © in 

for even n; 

7.1-7.3) for n > 4 (ifn=l it is the same as item 1, ifn — 2 it is the same 
as item 3, ifn = 3 it is the same as item 4): 

d®2®4®6®8®'ld®...®k^'02, 

® i2 ®4 ® i6 ®8 ® iW ® . . . ® laji =0®i2, 
®2 (B4 (B6 ® . . . ®k ® id ® i2 ® id ® i6 ® . . . ® ik ^02 ® i02 
AJiR n — k -\- 1, k -\- 2; 

8.1-8.5) for n> 5: 

0©i© I2-I ©n, 
0© I©ii>I©zS, 
© il © in^ © n, 

d®il®n^®in, 
Offiiffii^lffinffizOffiilffi in^ © in 

for odd n; 
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9.1-9.3) for n> 5 (if n = 1,2 it is the same as item 1, ifn = 3 it is the same 
as item 3, ifn = 4: it is the same as item 6): 

d®3®4®7®8®n®...®k = '03, 

d®i3®4®i7®8®in®...® iukk =0®i3, 
®3 ®4 ®7 ® . . . ®k ® id ® i3 ® i4 ® i7 ® . . . ® ik = 03 ® i03 

for n = k,k + l,k + 2 for even k and n = k for odd k; 

10.1-10.3) for n > 6 (if n = 2,3 it is the same as item 2, if n = A it is the 
same as item 5, if n = 5 it is the same as item 8): 

0©l©4©5©8©9©...©i=0I, 

^©^^©^©^^©^©iS©...© ak-ik =0®il, 
d®l®4®5®...®k®id®il®i4®i5®...®ik = '0i®i'0i 
for n = k,k + l,k + 2 for odd k and n = k for even k; 

11.1-11.2) for n > 6 (ifn = 1, 2, 3 it is the same as item 1, ifn = 4 it is the 
same as item 3, ifn = 5 it is the same as item 4): 

d®4®8®12®16®2d®...®k=0, 

d®4®8®12®...®k®id®i4®i8®il2®...®ik=0®i0 

for n = k, k + 1, k + 2, k + 3; 

12.1-12.4) for n> 2: 

0©1©2©...©S = 0123, 
© I © 22 © ... © ia^n = Ol © i23, 
© zi © 2 © ... © i"(-l)«("-i)/2B = 02®il3, 
© © 22 © ... © ttn-in = '03® (12 

Proof. Proof of Theorems 9, 10, 11, 12 follows from the statements of 
Theorems 1 and 2 from |4].B 

Now let's speak about Lie subalgebras of the Lie algebra wCi{p, q) of 
pseudo-unitary group of Clifford algebra QF'{j>,q). This result can be found 
in [4]. 
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Theorem 13. The following subspaces of Clifford algebra CX.'^{p,q) form 
subalgebras of Lie algebra w(X{p, q): 

1) forn>l: 

id; 

2) for n > 1: 

3) for n>2: 

4) for n > 3 (ifn — 2 it is the same as item 2): 

2; 

5) for n> A (if n — 2,3 it is the same as item 3): 

il © 2 © ... © a„n 

for even n, 

© 2© . . . © an-in-1 

for odd n; 

6) for n > 4: 

2© a„_in-I; 

7) for n > 5; 

2 © a„_2i>2; 

8) for n>6ifn — 5it is the same as item 5): 

^^ © 2 © an-2n^ © a„_iii^ 

for odd n , 

zl © 2 © a„_ii>l © a„i2 

for even n; 
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9) for n > 6 (if n — 2,3 it is the same as item 4, ifn — A it is the same as 

item 6, ifn — 5 it is the same as item 7): 

2®3®6®7®ld®li®...®k=23 
for n — k + l,k + 2 for odd k and n — k, k + 1 for even k; 

10) for n>7 (if n — 3,4 it is the same as item 4, ifn — 5 it is the same as 
item 6, ifn — 6 it is the same as item 7): 

2 ® i4 ®6 ® is ®ld ® il2 ® . . . ® akk =2 ® iO 
AJiR n — k + l,k + 2; 

11) for n > 8 (ifn — 2, 3, 4, 5 it is the same as item 3, if n — 6,7 it is the 
same as item 8): 

il ®2 ® i5 ®6 ® i9 ®ld ® . . . ® akk =2 ® il 

for n — k,k + l,k + 2,k + 3 for even k; 

12) for n > 9 (if n = 3, 4, 5, 6 it is the same as item 4, ifn = 7 it is the same 

as item 6, ifn = 8 it is the same as item 7): 

2®6®ld®14®18®22®...®k^2 

forn^k + l,k + 2,k + 3,k + A. 

Besides, the direct sums of all listed subalgebras with iO are also Lie subal- 
gebras for any n. The direct sums of all listed subalgebras with a^B are Lie 
subalgebras for odd n. Also we can add a„S to subalgebras that consist of 
elements of even ranks for even n. (These cases aren't in the 1 )-12) items of 
the theorem because we get reducible subalgebras.) 

Now we want (just as it has been made in the Theorem 6) to find some 
subgroups of pseudo-unitary Lie group WCF'ip, q) such that Lie algebras 
from Theorem 13 correspond to these Lie groups. There are 12 types of 
these Lie algebras (see previous theorem). It can be easily checked that for 
Clifford algebra of the sufficiently big dimension n there are 31 subalgebras 
for even n and 43 subalgebras for odd n (we mean subalgebras in the form 
of the direct sums of subspaces of the given ranks). Let write down some 
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subgroups of Lie group WCf-'ijp, q) and Lie algebras that correspond to these 
Lie groups for Clifford algebras of small dimensions n. 



n = 1 



Lie algebra 


Lie group 




{exp(ic/?e), G M} = {(cos(/?)e + {ismLp)e, (/? e M} 


il 


{exp(z(/}e^), e M} = < 


{(cos(/?)e + (isin<y9)e^, <^ e M}, (p, q) = (1,0); 
[ {ichif)e + iiship)e\ if e M}, (p, q) = (0, 1) 



n = 2 



Lie algebra 


Lie group 


iO 


{exp{i(fe), e M} = {(cos(^)e + {ismip)e, 99 G M} 


2 


{exp((^ei2),(^ G M} = < 


{(cos(/9)e+ (^sin(^)e^^¥? G M}, (p,g) = (2,0); 
{(ch(^)e + {iship)e'\ ipeR}, {p, g) = (1, 1); 
{(cosv?)e + (isinv9)e^^ (/p G M}, (p, g) = (0,2) 


2l © 2 


{[/ G 0©2©il : [7*^7 = e} 


z0©2 


{f/ G 0© 


2 © i'd © i2 = ag,^{p, q):U*U = e} 



n = 3 



Lie algebra 


Lie group 


iO 


{exp(z(/5e), (y9 G M} = {(cos(/7)e + {isimp)e, ip eM.} 


3 


{exp{ipe^^^),(p e R} 


zl © 2 


{f/G0©2©il©z3:[/*[/ = e} 


z0©2 


{f/ G d © 2 © z'd © (2 = a^^^^ip, q):U*U = e} 


2 


{UeO®2 = al,^{p,q):U*U = e} 


2©3 


{U G d © 1 © 2 © 3 = a^{p, q) : U*U = e} 


il©2©3 


{U G a^{p, q) : detHl = 1, = e} 



n = 4 

^Hereinafter determinant of Clifford algebra element is determinant of any of its matrix 
representation of minimal dimension. See [3]. 
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Lie algebra 


Lie group 


iO 


{exp(i(/)e), (y9 G M} = {{cosip)e + {isimp)e, ip eM} 


i4 




il®2 


{U G al,^{p, q) © 2a?^,,(p, q) : U*U = e} 


2 


{U G © 2 © 4 = C^Lnb, q) ■■ U*U = e} 


2©3 


{U G © 1 © 2 © 3 © 4 = g) : U*U = e} 


il ©2©3©24 


{U G a^ip, q) : det?7 = 1, U*U = e} 


20 © 2 © z4 


{Uea^,,^{p,q):U*U = e} 


2 ©24 


{U eag,^{p,q):detU = l, U*U = e} 



The proof of these statements is similar to the proof of Theorem 6. 

Note that Lie algebra iO correspond to Lie group {exp{iLpe),ip G M} = 
{(cosv?)e + {ism(p)e,ip G M} for Clifford algebra CE'^{p,q) of any dimension 
n because Lie algebra u{l) = {i^p, 99 G M} correspond to unitary Lie group 
f/(l) = {exp{iip),ip e M}. 
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